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PHYSICS - CLUTCH NON-CALC
CH 37: SPECIAL RELATIVITY
CONCEPT: INERTIAL REFERENCE FRAMES
● A reference frame is a coordinate system that you make measurements in, and there are two types:
- Inertial reference frames, which move at _________________ velocity
- Noninertial reference frames, which move at __________________ velocity – i.e, they have _________________
● Inertial references frames are always thought of as being of two types (this is by convention)
- Rest frames: frames which have a “____________” velocity
- Moving frames: frames which have a “_________________” velocity
- Lab frames are a common type of rest frame, which are at rest with respect to the _______________ (like a lab)
- Frames that move at the same velocity as an “event” as known as __________________ frames
● There is no such thing as absolute velocity, so “zero” and “nonzero” velocity doesn’t actually mean anything
- These are just conventions established for us as humans to better understand problems
- Out in space, far away from the surface of the Earth, a lab frame is arbitrarily chosen
● Near the surface of the Earth, we can say that some frame 𝑆 is our lab frame and 𝑆’ is our moving frame
- By convention, 𝑢
⃗ typically represents the velocity of 𝑆′ relative to the surface of the Earth
- Velocities given in 𝑆 are typically represented by 𝑣, and velocities in 𝑆′ by 𝑣′

𝑆

𝑆′
⃗
𝑢

Earth (at rest)

● Noninertial reference frames are very important in physics, too, but they won’t be emphasized (or really discussed)
- Special Relativity does NOT deal with noninertial frames – General Relativity does
- The surface of the Earth is moving in a circle, so it’s actually a ___________________ reference frame
- However, the Earth rotates VERY slowly, so lab frames are basically inertial frames
- The fact that references frames are noninertial on Earth is what gives rise to the Coriolis and centrifugal forces
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CONCEPT: SPECIAL VS GALILEAN RELATIVITY
● Galilean relativity is our classical theory of relativity
- In Galilean relativity, we use “addition of velocities”, so
- This is NOT true for Special Relativity

⃗ 𝑺 = ___________________
𝒗

● There is only one postulate of Galilean relativity: Measurements in any inertial reference frames must be “equivalent”
- Einstein kept this roughly the same as the first postulate of Special Relativity
- It’s the second postulate that Einstein added that produces all the weirdness of Relativity
● Classically, all waves are thought to move in media (sound within a gas, water waves within water, etc)
- Light, too, was thought to HAVE to move within a medium, because all other waves do
- This medium for light was called the Aether, and was thought to permeate the entire universe
● In 1887, Michelson & Morley wanted to measure the velocity of the Aether
- They used an interferometer to produce a diffraction patter with light
- Light traveling to the top mirror will have one speed
- Light traveling to the right mirror will have a different speed
- These speed differences are caused by the Aether

Mirror

Light
source

Mirror
Beam splitter

● However, Michelson & Morley found no evidence of the Aether’s existence
- Einstein used this result to form his second postulate of relativity

Detector

● Since light truly moves without a medium, then a change of inertial frame should yield no change in the speed of light
- This means that regardless of what inertial frame you measure light in, you always get the same result
- Einstein’s second postulate is simply this: the speed of light is ____________________ of choice of inertial frame
● Imagine someone in a car moving really quickly, at a speed of 𝑢

𝑆′

𝑢
⃗

- We will consider the same reference frames as for the previous example

𝑣𝑐𝑎𝑟 = 0
𝑣′ = 𝑐

- If the person in the car shined a light, in 𝑆’ the speed of the light would be 𝑐
- In the 𝑆 frame, the EXPECTED speed would be _________, but it turns out to be _____ 𝑆
- This change of inertial frame DOES NOT change the measured speed of light

𝑣𝑐𝑎𝑟 = 𝑢
⃗
𝑣 ≠𝑐+𝑢

● There are two main consequences of the second postulate that dramatically differ from what is expected:
- Time dilation: the fact that speed affects the measurement of time
- Length contraction: the fact that speed affects the measurement of length
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CONCEPT: TIME DILATION

𝑆′
𝑢
ℎ

● Consider the following experiment:
- We will consider the 𝑆 frame to be the lab frame and 𝑆′ to be moving at 𝑢
- An observer in 𝑆′ then fires a laser upward from the floor of the train
- This laser travels a height ℎ before bouncing off the roof and returning

𝑢

𝑆

ℎ

- The total distance traveled was 2ℎ, and so the travel time Δ𝑡𝑆′ = 2ℎ/𝑐
● Because the train is moving, an observer in 𝑆 sees light travel along a triangle
- The light travels a distance of 𝑙 on the way up and the way down
𝑙

- During the time that the light takes, Δ𝑡𝑆 , the train travels a distance 𝑑 = 𝑢Δ𝑡𝑆

𝑙
ℎ

1

- The height traveled by the light is still ℎ, so 𝑙 2 = ℎ2 + 4 𝑢2 Δ𝑡𝑆2

𝑑 = 𝑢Δ𝑡𝑆

- So far, nothing strange about this result; this is just a geometry

● If we now apply the second postulate of Special Relativity, the light in 𝑆 MUST travel at 𝑐, exactly as it does in 𝑆′
- Remember! In Galilean relativity, we’d expect the speed of light in 𝑆 to be 𝑐 + 𝑢
1

- This means that 𝑙 = 𝑐Δ𝑡𝑆 , and so 𝑙 2 = 𝑐 2 Δ𝑡𝑆2 = ℎ2 + 4 𝑢2 Δ𝑡𝑆2
- Solving for Δ𝑡𝑆2 gives us Δ𝑡𝑆2 =

ℎ2
1
𝑐 2 − 𝑢2
4

4ℎ2 /𝑐 2

, which, after some algebra, becomes Δ𝑡𝑆2 = 1−𝑢2 /𝑐 2

- So, we find that in the frame 𝑆, the time taken by the light to travel up and down is Δ𝑡𝑆 =

Δ𝑡𝑆′
√1−𝑢2 /𝑐 2

● The time measured in 𝑆′ is different than the time measured in 𝑆 – this is known as TIME DILATION
Δ𝑡𝑆 = ___________

where 𝛾 = _______________ is called the LORENTZ FACTOR

- The time in 𝑆 is known as the _______________ time, and is ALWAYS _______________ than the time in 𝑆′
- The time in 𝑆′ is called the proper time, or the rest time because it is measured at rest with respect to the event
- Typically, the dilated time will be given by Δ𝑡′ and the rest time by Δ𝑡0
EXAMPLE: Spaceships have to launch at speeds larger than 11.2 km/s to escape Earth’s gravity. If a spaceship launches at
this speed, will astronauts on the ship experience any significant time dilation?
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EXAMPLE: TIME DILATION FOR A MUON FROM THE ATMOSPHERE
Muons are very tiny, charged particles that are emitted from high up in our atmosphere when cosmic radiation enters our
atmosphere and collides with atoms in the air. An emitted muon will typically travel at a speed of 90% the speed of light,
towards the ground. Muons are unstable, though, and will decay after only about 2.2 𝜇𝑠 in their rest frame. How long will a
muon take to decay in a lab frame?
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PRACTICE: TIME DILATION ON THE SPACE STATION
The international space station travels in orbit at a speed of 7.67 km/s. If an astronaut and his brother start a stop watch at
the same time, on Earth, and then the astronaut spends 6 months on the space station, what is the difference in time on
their stopwatches when the astronaut returns to Earth? Note that 6 months is about 1.577x107 s, and 𝑐 = 3x108 m/s.
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CONCEPT: LENGTH CONTRACTION
● Because time is measured differently in different inertial frames, distances should be measured differently, too
- This phenomenon is known as LENGTH CONTRACTION, and is another fundamental result of Special Relativity
● Imagine a rod of some length 𝐿0 , when measured AT REST, moving at 𝑢 in the lab frame
- Define 𝑆 as the lab frame, containing a clock at rest (measuring proper time)
- Define 𝑆′ as the moving frame, moving at 𝑢 (this is the rod’s rest frame)
- In 𝑆′, as the clock passes the rod, it travels a length 𝐿0 , and measures a time Δ𝑡′
- This means that the distance traveled is 𝐿0 = 𝑢Δ𝑡′
- In 𝑆, the rod passes the clock, and travels a distance 𝐿′, while the clock measures Δ𝑡0
- The means that the distance traveled is 𝐿′ = 𝑢Δ𝑡0
- This means that 𝑢 = 𝐿′/Δ𝑡0 = 𝐿/Δ𝑡′, or, 𝐿 = (Δ𝑡0 /Δ𝑡′)𝐿0

𝑆′

𝑢

𝐿0
𝑢

𝑆
𝑢

𝐿′

● The length measured in 𝑆′ is different than the length measured in 𝑆 – this is known as LENGTH CONTRACTION
𝐿′ = ___________
- Recall that Δ𝑡 ′ = 𝛾Δ𝑡0
EXAMPLE: A spaceship is measured to be 100 m while being built on Earth. If the spaceship were flying past the Earth at
10% the speed of light, how long would it be measured by an observer at rest on Earth?
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EXAMPLE: LENGTH CONTRACTION FOR A MUON FROM THE ATMOSPHERE
Muons are very tiny, charged particles that are emitted from high up in our atmosphere when cosmic radiation enters our
atmosphere and collides with atoms in the air. An emitted muon will typically travel at a speed of 90% the speed of light,
towards the ground. Muons are unstable, though, and will decay after only about 2.2 𝜇𝑠 in their rest frame. How far will a
muon travel in a lab frame?
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PRACITCE: LENGTH CONTRACTION OF A RIGHT TRIANGLE
In the following figure, a right triangle is shown in its rest frame, 𝑆′. In the lab frame, 𝑆, the triangle moves with a speed 𝑣.
How fast must the triangle move in the lab frame so that it becomes an isosceles triangle?

𝑆′
𝑣

30 𝑐𝑚

55 𝑐𝑚
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CONCEPT: PROPER FRAMES AND MEASUREMENTS
● It’s really important to be absolutely clear about the meaning of a “proper” frame, or a “proper” measurement
- A “proper” frame is a frame that is at rest with respect to _________________________________________
- Sometimes the proper frame is the lab frame, and sometimes it’s the moving frame
● For length contraction, the proper frame is easy to find – it’s the one at rest with respect to the object
- You are interested in the length of an object, so you need to be at rest to measure its length
- If the object is moving relative to you, the length you’ll measure will be contracted
EXAMPLE 1: A ship passed Sally, who is standing on the Earth’s surface watching the ship fly by. If Sally measures the
length of the ship to be 100 m, is this the proper length or the contracted length?

● For time dilation, finding the proper frame is often times more tricky than for length contraction
- No matter what, though, the problem is going to impart some sort of significance on one time vs another
- Typically, you’ll be interested in some sort of “event” happening in a problem
- The proper frame is going to be the one at rest with respect to ______________________________
EXAMPLE 2: An astronaut is leaving home on a long trip, but before he goes he synchronizes a watch with his brother,
allowing them to compare the amount of time that passes when he returns. During the astronaut’s trip, he measures himself
to be 5 years older, while his brother will measure a different amount of time passing. Which of the two is measuring the
proper time?
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CONCEPT: LORENTZ TRANSFORMATIONS OF POSITION
● In Galilean relativity, relating the position of an event in two frames is quite simple
- In Special Relativity, it turns out this is not that simple, for two reasons:
1) You cannot simply add velocities as you could in Galilean Relativity
2) The time duration in one frame is NOT the same as in the other frame
● LORENTZ TRANSFORMATIONS are general relationships between quantities in two separate inertial reference frames
- These are general because they work at any speed, whereas the Galilean transformations only work at low speed
- Note that these transformations only work between two INERTIAL frames
● To use Lorentz transformations, you need two things:
- First, the two frames you choose have to have their axes and origins aligned
- Second, you have to choose the axis of the relative velocity between the frames
- A relative velocity is known as a BOOST, and it is typically in the x-direction
𝑧

𝑆′

𝑆
𝑦

𝑦′

𝑢

𝑥

𝑥′
𝑧′

● For a frame 𝑆’ with a boost of 𝑢 along the x-axis, the LORENTZ TRANSFORMATIONS FOR POSITION are given by
𝑡 ′ = _________________

𝑥 ′ = _________________

𝑦 ′ = _________________

𝑧 ′ = _________________

EXAMPLE: Consider two frames, 𝑆 and 𝑆′, which have their origins aligned at 𝑡 = 𝑡 ′ = 0. If an event occurs in 𝑆 at 𝑥 =
10 𝑐𝑚 and 𝑡 = 5𝑠, at what position and time does the event occur in 𝑆′ if 𝑆′ moves at 580 km/s in the x-direction?
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PRACTICE: DISTANCE AND TIME TO TRAVEL IN A LAB FRAME
In a lab frame, 𝑆, an object crosses a distance of 15 m in 10 s. In an initially aligned frame 𝑆′, moving at 1000 km/s in the xdirection relative to 𝑆, how far a distance does the object have to travel, and in what time does it travel the distance?
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CONCEPT: LORENTZ TRANSFORMATIONS OF VELOCITY
● If we know the velocity in one frame, and we want to find the velocity in another, we need Lorentz Transformations
- It’s not good enough to simply add the velocities, like in Galilean Relativity
● To use Lorentz transformations for velocities, we need to apply the same conditions on the frames as for position:
- The two frames need to have their axes and origins aligned
- You need to choose a boost direction for 𝑆′, typically in the x-direction

● For a frame 𝑆’ with a boost of 𝑢 along the x-axis, the LORENTZ TRANSFORMATIONS FOR VELOCITY are given by
𝑣𝑥 ′ = _________________
𝑣𝑦 ′ = _________________
𝑣𝑧 ′ = _________________

EXAMPLE 1: A spaceship passes the Earth at 0.5 c. From an observer on the ship, a missile is fired forward at 0.1 c.
According to an observer on Earth, how fast is the missile moving?

EXAMPLE 2: A spaceship passes the Earth at 0.7 c. From an observer on the ship, a missile is fired laterally (from the side
of the ship, perpendicular to its direction of motion) at 0.2 c. According to an observer on Earth, how fast is the missile?
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PRACTICE: NUCLEAR DECAY IN A PARTICLE ACCELERATOR
In a particle accelerator, a neutron is traveling at a speed of 0.7 c, as measured by you in a laboratory. This neutron decays
(becoming a proton), ejecting an electron. If you measure the electron’s speed to be 0.5 c, traveling in the same direction as
the neutron, what was the relative speed between the electron and neutron when the neutron decayed? Was the electron
ejected forward or backwards relative to the neutron’s motion, as “seen” by the neutron?
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