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PHYSICS - CLUTCH NON-CALC
CH 09: CONSERVATION OF ENERGY
OVERVIEW OF CONSERVATION OF ENERGY
● Conservation of Energy often refers to a _______________ (arbitrary group) of objects



ESYS = E1 + E2 + …

● CONSERVATION #1: The TOTAL Energy of a System is conserved if the system is _____________________.
- A system is ___________________ IF NO ___________________ forces DO WORK on it (or IF ____________).
- Forces are either __________________ OR __________________, depending on how YOU defined the system.
EXAMPLE 1: A box slides on a rough floor. Assume kinetic friction is the only force doing work on it. For each of the choices
of a system below: (i) Is kinetic friction an internal force? (ii) Is the system isolated? (iii) Is the system’s energy conserved?
(i) FRICTION
INTERNAL?

CHOICE OF SYSTEM
(a) System: Box only

(ii) SYSTEM
ISOLATED?

(iii) ENERGY
CONSERVED?

m

(b) System: Box + Floor

m

● CONSERVATION #2: The MECHANICAL Energy of a System is conserved if the system is ___________________.
- A system is _________________ IF NO _______________________ forces DO WORK on it (or ____________).
- Forces are either Conservative (__________, ___________) OR Non-Conservative (___________, __________).
- Conservative

 Energies transfer, but system’s Mechanical Energy (ME) is conserved.

- Non-Conservative  Add/remove Mechanical Energy to/from the system (ME is not conserved).
EXAMPLE 2: Each arrow below represents how energy in a system changes due to a different force. Indicate whether the
force corresponding to each arrow is (i) internal or external, and (ii) conservative or non-conservative.
SYSTEM (E = EA + EB)
ME = U + K

A

X

POTENTIAL
U= UG + UEL

1

NME

KINETIC THERMAL
K
& OTHERS

2

#
ME = U + K

B

NME

POTENTIAL KINETIC THERMAL
U= UG + UEL
K
& OTHERS

3

4

Int/Ext

C/NC

1
2
3
4
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MORE CONSERVATION & *THE* CONSERVATION EQUATION

ME = U + K

● The TOTAL Energy of a System is conserved if the system is ISOLATED (WEXT = 0).

NME

POTENTIAL KINETIC THERMAL
U= UG + UEL
K
& OTHERS

- The MECHANICAL Energy of a System is conserved if the system is CONSERVATIVE (WNC = 0).
- Conservative Forces: Weight, Spring

- Non-Conservative: Applied/You, Friction

 So Mechanical Energy is conserved as long as no applied (“you”) or frictional forces DO WORK.
EXAMPLE 1: For each of the situations below: (a) Is the system isolated; conservative? (b) Describe the energy transfers.
SITUATION

(a) SYSTEM
ISOLATED?

(a) SYSTEM
CONSERV?

(b) ENERGY
TRANSFERS:

(a) A block is in free fall (no air resistance). We define the system
to be the block, the air, and the Earth.
(b)* A block that is falling feels the resistive force of air drag. We
define the system to be the block, the air, and the Earth.
(c) Assume a Styrofoam cup is sealed so no energy enters/leaves
the cup. The cup is at rest, but the coffee is heating the air inside
the cup. We define the system to be the cup and its contents.

 NOTE: (1) The universe is an ISOLATED system; therefore the TOTAL Energy of the Universe is always conserved!
(2) If gravity does work (Δh), the Earth MUST be a part of the system  weight is always an internal force!
● We will focus on Mechanical Energy. Combining equations for the Work done by Gravity & Spring and the Work-Energy
Theorem, we get the NEW, SEXY & RIDICULOUSLY useful Conservation* of [Mechanical] Energy Equation:

EXAMPLE 2: You release a 2 kg object from 100 m. Use Conservation of Energy to find its speed just as it hits the ground.
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USING THE CONSERVATION OF ENERGY EQUATION
● Energy problems always include TWO or more points.

Ki + Ui + WNC = Kf + Uf
K = ½ m v2

WNC = WYOU + Wf

U = Ug + UEL

Ug = mgh

- The Conservation of Energy equation is very useful when the _________/_________ of an object is/are changing.
- The most important task is identifying which types of Energy / Work exist at the TWO points (initial & final).
EXAMPLE 1: You launch a 4-kg object directly up from the
ground with 40 m/s. Use Conservation of Energy to find the
maximum height the object will reach (ignore air resistance).

PRACTICE 1: You throw a 6-kg object down from a height
of 20 m. If the object reaches the ground with 30 m/s, what
initial speed did you throw it with? (ignore air resistance).

● In problems with more than TWO points, the TWO points you will pick will be the GIVEN & TARGET (known & unknown).
EXAMPLE 2: You launch an object directly up from the ground. The object is going up with 20 m/s at 30 m from the ground.
(a) Calculate its launch speed.
(b) Calculate its maximum height.
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ENERGY EQUATION IN NON-CONSERVATIVE PROBLEMS

Ki + Ui + WNC = Kf + Uf
K = ½ m v2

WNC = WYOU + Wf

WF = F d cosΘ

Wf,k = – fk d

● If either friction or an applied / external force (“you”) does work on an object, Mechanical Energy will NOT be conserved.
- However, we can still use the Conservation* of Energy equation to solve these problems.
- Some of the simplest such problems are basic horizontal motion problems.
EXAMPLE 1: A 10-kg block is initially at rest on a level, smooth surface. If the block is pushed with a constant, horizontal
force of 20 N for a distance of 5 m, calculate its final speed.

EXAMPLE 2: A block of unknown mass is sliding on a flat surface with 30 m/s when it enters a long, rough patch. If the
coefficient of friction between the block and the rough patch is 0.6, calculate the block’s stopping distance.

● If you are asked to find the Work done by a force, you will typically use the Work Equation ( W = F d cosΘ ).
- But if you don’t have enough info for the Work Equation, the Conservation of Energy equation serves as a back-up!
EXAMPLE 3: You push a 5-kg block, initially at rest, along a rough, horizontal surface until it has reached 20 m/s. If kinetic
friction dissipates 200 J of energy in that interval, how much work did you do in pushing the block?
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PRACTICE: NON-CONSERVATIVE PROBLEMS

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

PRACTICE 1: Your hand moves a horizontal distance of 1.6 meter while you throw a 0.140-kg baseball horizontally. If the
ball leaves your hand at 35 m/s, calculate: (a) the work done by you, and (b) the average force you exert on the ball.

PRACTICE 2: A 500-kg load is originally at rest on the floor. A crane pulls the load vertically up on the box with a constant
7,500 N until it reaches a height of 20 m. Calculate the speed of the load once it reaches 20 m.

PRACTICE 3: A 800-kg car leaves a skid mark of 90 m in stopping from 30 m/s. Calculate the car-road coefficient of friction.
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ENERGY PROBLEMS WITH RESISTIVE FORCES (Linear)

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

● We can use the Conservation of Energy equation to solve problems with resistive forces, such as air/water resistance.
- Resistive forces work like kinetic friction: they always ________________ motion.



W f, air = __________.

EXAMPLE 1: If a 2-kg object released from a height of 80 m reaches the floor with 30 m/s, calculate:
(a) the amount of work done by air resistance;
(b) the average force of air resistance.

PRACTICE 1: A 10-g bullet hits a wooden wall with a horizontal 300 m/s. If the bullet penetrates the wall by 5 cm, calculate:
(a) the amount of energy lost by the bullet.
(b) the average frictional force that stops the bullet.

EXAMPLE 2: A 70-kg diver jumps from a platform above the water. If the jumper enters the water with 10 m/s, and the
average resistive force of water on the diver is 2,000 N, how deep under water will he reach?
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CONSERVATIVE FORCES ARE PATH INDEPENDENT

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

● Conservative forces have TWO key (and equivalent) properties:
(1) The Work done by Conservative forces does NOT depend on the ________________________.
- Since weight is a Conservative force, its work done depends only on the _______________ displacement.
 So in ALL of the following, the final speed is the same (if frictionless):

(2) The NET Work done by Conservative forces is ZERO in a ________________________ (“round trip”):
- Weight is Conservative  WNET = 0:
D

C

A

B

- Friction is NOT Conservative  WNET not 0:

A

B
m

EXAMPLE 1: A 2 kg block is released from the top of a smooth inclined plane that is 10 m long and makes 37 o with the
horizontal. What speed will the block have once it reaches the bottom of the plane?

PRACTICE 1: A 3 kg block is initially moving on a flat surface when it reaches the bottom of an inclined plane with 20 m/s. If
the plane is smooth and makes 53o with the horizontal, how far up the plane will the block slide?
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MORE INCLINED PLANE PROBLEMS

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

EXAMPLE 1: A 2-kg block is originally at rest at the bottom of a smooth inclined plane that makes 37 o with the horizontal.
You push the block with a constant 20 N directed up the plane. Find the block’s speed after you push it 5 m up the plane.

EXAMPLE 2: A 3-kg crate is placed at 8 meters above the ground, on an inclined plane that makes 53 o with the horizontal.
The block-surface coefficient of friction is 0.5. Calculate the block’s speed as it reaches the bottom of the plane.

EXAMPLE 3: What minimum speed does a 3-kg block need to have at the bottom of an inclined plane in order to make to
its top? The incline is 5 m long and makes 53o with the horizontal. The block-surface coefficient of friction is 0.4.
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PRACTICE: INCLINED PLANE PROBLEMS

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

PRACTICE 1: When a 4-kg block is released from rest from the top of an inclined plane, it reaches the bottom with 4 m/s.
The incline is 5 m long and makes 37o with the horizontal. Calculate the magnitude of the frictional force acting on the block.

PRACTICE 2: When a block of unknown mass is released from the top of an inclined plane of length L meters, it slides
down. The incline makes an angle of Θ degrees with the horizontal, and the coefficient of kinetic friction between the block
and the plane is µ. Derive an expression for the speed of the block at the bottom of the plane.

PRACTICE 3: A block of unknown mass is released from a distance D1 from the bottom of an inclined plane, then slides on
a horizontal surface, and up a second inclined plane, as shown. Both planes make an angle of Θ degrees with the
horizontal. The horizontal surface is smooth, but the coefficient of friction between the block and the two inclines is µ.
Derive an expression for the maximum distance D2 that the block will reach on the second incline.
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MOTION ALONG CURVED PATHS

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

● ALL curved path problems MUST be solved using Energy (there are no alternatives*).
EXAMPLE 1: What minimum speed would a block (of unknown mass) need to have at the bottom of the 30 m-high, smooth
hill shown below in order to reach its top?

EXAMPLE 2: A 70-kg skater dude rides on a half-pipe (a perfect semi-circle) of radius 3 m, shown. Calculate his speed:
(a) at B, if he starts at rest from A.
(b)* at A, to reach D, 2 m above C.

D
A

C
B

EXAMPLE 3: A cart goes around a loop-the-loop of radius R. Derive an expression for the minimum speed that the cart
needs to have at the bottom of the loop in order to reach the top of the loop, if the cart is locked to the tracks;

Page 11

PHYSICS - CLUTCH NON-CALC
CH 09: CONSERVATION OF ENERGY
MORE ROLLERCOASTER PROBLEMS

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

EXAMPLE: A rollercoaster cart without seat belts goes around a loop-the-loop of radius R. Derive an expression for the:
(a) minimum speed needed at the TOP of the loop (point 3) so the cart makes it without passengers falling;
1

H=?

3

2

*(b) minimum speed needed at the BOTTOM of the loop (2) so the cart reaches the top (3) with the speed found in (a);

(c) minimum height H that the hill shown (point 1) must have so the cart reaches the top (3) with the speed found in (a);

*(d) force that the track will exert on the cart at the TOP of the loop (3) if it gets there with double the speed found in (a).
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GRAV. POTENTIAL ENERGY IS RELATIVE + PENDULUMS

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

● In Energy problems, what matters is not an object’s initial or final height, but instead the __________________ in height.
- If you know an object’s change in height, you can set the “ground level” (________) to be at the LOWEST point*.
 Ug is RELATIVE to an arbitrary (up to you) ______________________ height (“ground level”), where h = ____.
EXAMPLE 1: If the rollercoaster cart shown below moves passes point A with 20 m/s, calculate its speed at point B.

A
B

10 m

 NOTE: If you do NOT set h = 0 at the lowest point in, points below h = 0 will have NEGATIVE Potential Energy.

● In most PENDULUM problems, you won’t know the distance between the floor and the pendulum’s lowest point.
EXAMPLE 2: A pendulum is built from a 2 kg bob and a 3 m-long light rope. It is attached to the ceiling, pulled until it is 1 m
above its lowest point, and released. Calculate: (a) the pendulum’s maximum speed; (b) the rope’s tension at the bottom.
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PRACTICE: CURVED PATH PROBLEMS

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

PRACTICE 1: A 60 kg surfer is moving with 3 m/s at a certain point in a wave. Later on, he is moving with 8 m/s at a second
point, 2 meters lower. Calculate the work done by the wave on the surfer.
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MORE PENDULUM PROBLEMS

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

● In some pendulum problems, you won’t be given heights, and will need to use the Pendulum Equation (which we’ll derive)
EXAMPLE 1: A pendulum is built from a 1 kg bob and a 2 m-long light rope. The pendulum is attached to the ceiling and
released from rest from 37o with the vertical. Calculate the pendulum’s maximum speed.

PRACTICE 1: A pendulum is built from a 3 kg bob and a 4 m-long light rope. It is attached to the ceiling and pulled from its
equilibrium position until it makes an angle of 53o with the vertical. It is then given an initial speed of 2 m/s directed down.
(a) Calculate the maximum speed that the pendulum will attain.
(b) Calculate the maximum angle that the pendulum will make with the vertical on the other side.
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ENERGY PROBLEMS: BUMPS

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

EXAMPLE: A car rides over two consecutive bumps that are nearly circular with radii RA and RB (where RA > RB), as shown.
Derive an expression for the:
(a) maximum speed the cart can have at the top of the second bump (B) in order to NOT lose contact with the road;

*(b) maximum radius RA the first bump can have, in terms of RB, so the cart doesn’t lose contact with the road at B;

(c) force that the track will exert on the cart at the top of the second bump (B) if RA is 20% greater than RB.

Page 16

PHYSICS - CLUTCH NON-CALC
CH 09: CONSERVATION OF ENERGY
ENERGY PROBLEMS WITH MULTIPLE OBJECTS

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

● When dealing with multiple objects, we still only use ONE equation, but must consider the energy of EACH object.
EXAMPLE 1: The system below is released from rest. If the 5-kg object is initially 3 m above the floor, calculate its speed
just before it hits the ground. (The string and pulley are massless, and you may disregard any effects due to friction)

5 kg

4 kg

EXAMPLE 2: The 3-kg block is 2 m above the floor, and the surface-block coefficient of friction for the 4-kg block is 0.5. If
the system is released from rest, find its speed just before the 3-kg block hits the floor. (The string and pulley are massless)

4 kg

3 kg
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PRACTICE: ENERGY PROBLEMS WITH MULTIPLE OBJECTS

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

PRACTICE 1: The 4-kg block is 1 m above the floor, and the surface-block coefficient of friction for the 3-kg block is 0.4. If
the system is released from rest, find its speed just before the 4-kg block hits the floor. (The string and pulley are massless)

3 kg

4 kg
2 kg

PRACTICE 2: The system below is released from rest. Calculate the speed of the system after the hanging block has
moved 1 meter. (The string and pulley are massless, and you may disregard any effects due to friction)

30 kg
20 kg
53o
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PROJECTILE MOTION PROBLEMS WITH ENERGY

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

● Projectile Motion problems asking for speeds or heights are easier to solve using Conservation of Energy.
EXAMPLE 1: You throw a 5-kg object from the top of a 30 m-tall building with 20 m/s directed at an unknown angle above
the horizontal. The object reaches a maximum height of 40 m. Ignoring air resistance, calculate the object’s speed:
(a) at points B, C, and D;
(b) at D had it been thrown at any angle below the x-axis.

B

A

C

D

EXAMPLE 2: You throw a ball with 20 m/s at 37o above the horizontal. Use Conservation of Energy to find its max. height.

 NOTE: Problems that require TIME to be solved cannot be solved with Energy; instead we use ___________________.
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PRACTICE: PROJECTILE MOTION WITH ENERGY

Ki + Ui + WNC = Kf + Uf

WNC = WYOU + Wf

PRACTICE 1: You are practicing jumping as far as you can. In one attempt, you run and leave the floor with 7 m/s directed
at an unknown angle. What maximum height do you reach if your speed at that point is 5 m/s? Ignore air resistance.

PRACTICE 2: When you launch a 3-kg object from the ground with unknown initial speed directed at 37 o above the x-axis, it
hits the building shown below at 15 m above the ground with 25 m/s. Calculate the object’s launch speed.

PRACTICE 3: A 3-kg box is nudged off the top of the path shown below, slides down, and is launched form the lower end of
the path. The path is frictionless and its highest point is 10 m above the ground. The lower end is 2 m above the ground and
makes 53o with the horizontal. Calculate the box’s speed:
(a) at the lowest point in the path;
(b) just before it leaves the path;
(c) at its highest point;
(d) just before it hits the ground.
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CONCEPT: Escape Velocity
● Escape velocity is the minimum launch speed for an object to escape → object stops very far away & never returns.
- When an object goes really far away, FG → _____

Final (farrrr)
KF = _______

- When an object stops, 𝐯𝐟 = ____

UF = _______

- If 𝐯𝐟 > 0, then it wasn’t the minimum launch speed.
● Escape Velocity comes from Conservation of Energy:
Initial

vesc = ________

1

Ki = mvi2
2

Ui = −

𝐆𝐌𝐦
𝐫𝐢

- vesc only depends on big mass M and initial distance r.

EXAMPLE: How fast must a 5kg rock be thrown to escape the Sun, if thrown directly outward near Earth's orbital distance?
EQUATIONS
𝐅𝐆 =

𝐆𝐦𝟏𝐦𝟐
𝐫𝟐

𝐫=𝐑+𝐡

𝐊 𝐢 + 𝐔𝐢 + 𝐖𝐍𝐂 = 𝐊 𝐟 + 𝐔𝐟
𝟐𝐆𝐌

𝐯𝐞𝐬𝐜 = √

𝐫

CONSTANTS
G = 6.67×10-11

𝐦𝟑
𝐤𝐠⋅𝐬𝟐

rSun-Earth = 1.5×1011 m
MSun = 2×1030 kg
RSun = 6.96×108 m
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PRACTICE: a) How fast does a spaceship have to go to escape Earth, starting from the launch pad on the surface?
Assume it burns all its fuel very fast and then shuts off the engines. b) One idea to make getting to space easier is to build a
space elevator, a large platform high above Earth’s surface where spaceships can land and take off. How high above Earth
would this platform have to be for the escape velocity to be 1/5 of its surface value?
EQUATIONS

𝐅𝐆 =

𝐆𝐦𝟏𝐦𝟐
𝐫𝟐

𝐫=𝐑+𝐡

𝐊 𝐢 + 𝐔𝐢 = 𝐊 𝐟 + 𝐔𝐟
𝟐𝐆𝐌

𝐯𝐞𝐬𝐜 = √

CONSTANTS

G = 6.67×10-11

𝐦𝟑
𝐤𝐠⋅𝐬𝟐

ME = 5.97×1024 kg
RE = 6.37×106 m

𝐫
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EXAMPLE: You land on the surface of a large, spherical asteroid. You set off walking in one direction and you realize
you’ve arrived back to your spaceship after walking 25km. You grab a tool from your toolbox and drop it, noting it takes
about 30 seconds to hit the ground from 1.4 m high. How fast would you have to jump to escape this asteroid?
EQUATIONS
𝐅𝐆 =

𝐆𝐦𝟏𝐦𝟐

𝐠 𝐬𝐮𝐫𝐟 =

𝐫𝟐
𝐆𝐌
𝐑𝟐

𝐫=𝐑+𝐡
𝐠=

𝐊 𝐢 + 𝐔𝐢 = 𝐊 𝐟 + 𝐔𝐟

𝐆𝐌
𝐫𝟐

CONSTANTS
G = 6.67×10-11

𝐦𝟑
𝐤𝐠⋅𝐬𝟐

ME = 5.97×1024 kg
RE = 6.37×106 m

𝟐𝐆𝐌

𝐯𝐞𝐬𝐜 = √

𝐫
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CONSERVATION OF ENERGY WITH SPRINGS: HORIZONTAL

Ki + Ui + WNC = Kf + Uf

FS = – k x

UEL = ½ k x2

● Problems involving springs and stationary objects are solved using _______________.
- Problems involving springs and moving objects are solved using _______________.
- Because Springs are always massless, they won’t have Kinetic (or Gravitational Potential) Energy, only Elastic.
EXAMPLE: A 4-kg block is on a smooth, horizontal surface. You push the block against a horizontal spring (shown below)
that is attached to a wall, with a constant, horizontal force. When this force is 100 N, the spring compresses 20 cm. When
you release the block, the spring pushes it out, accelerating the block to the right. Calculate:
(a) the spring’s force constant;
(b) the spring’s maximum potential energy;
(c) the block’s launch speed.

m

PRACTICE: A 4-kg block moving on a frictionless, horizontal surface with 20 m/s strikes a massless, horizontal spring of
force constant 600 N/m. Calculate the maximum distance that the block will compress the spring by.
 EXTRA: What maximum acceleration will the block experience? (hint: this happens when it temporarily stops).

m
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ENERGY WITH HORIZONTAL SPRINGS AND FRICTION

Ki + Ui + WNC = Kf + Uf

FS = – k x

UEL = ½ k x2

● In problems with springs and rough surfaces, there are two forces and two distances: distance traveled and compression.
EXAMPLE: A massless spring of force constant 500 N/m is setup parallel to a long, horizontal surface, and attached to a
vertical wall, as shown below. A 3-kg block is then pushed against the spring until it is compressed by 0.4 m. The blocksurface coefficient of friction is 0.6. When you release the block, the spring pushes out, accelerating the block. Calculate:
(a) the speed with which the spring launches the block;
(b) how far the block will travel after it leaves the spring.

m

PRACTICE: A 4-kg block moving on a flat surface strikes a massless, horizontal spring of force constant 600 N/m with a 20
m/s. The block-surface coefficient of friction is 0.5. Calculate the maximum compression that the spring will experience.

m
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ENERGY WITH SPRINGS: VERTICAL

Ki + Ui + WNC = Kf + Uf

FS = – k x UEL = ½ k x2

● When a moving mass interacts with a vertical spring, we use ALL 3 types of Mechanical Energy: _____, _____, & _____.
EXAMPLE 1: A 5-kg block is released from 3 m above the top of a 400 N/m vertical spring. Calculate the maximum
compression that the spring will experience.
m

EXAMPLE 2: A vertical spring of force constant 800 N/m is attached to a horizontal surface, as shown below. A 10-kg block
is placed on top of the spring, and allowed to descent slowly, compressing the spring until the system reaches equilibrium.
The block is then pulled down an additional 30 cm, and released from rest. Calculate:
(a) the spring’s compression at equilibrium;
(b) the block’s maximum speed (where does this happen?);
(c) the block’s speed once the spring is back to its original height;
(d) the block’s maximum height (above the spring’s original height).

m
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CONCEPT: RELATIONSHIP BETWEEN FORCE AND POTENTIAL ENERGY (IN 1-DIMENSION)
● Remember! Potential energies are only associated with ______________________ forces
- This is due to the fact that work by conservative forces is path-__________________________
- There is a reason why, but what we need to know is how they are related, not why
● The CHANGE IN POTENTIAL ENERGY due to a (1-dimensional) force is

Δ𝑈 = ____________________________
- If you notice, this is the same equation for work by a varying force, just with a negative sign, since 𝑊 = −Δ𝑈
𝑁

𝑁

EXAMPLE 1: A particle moves under a force 𝐹(𝑥) = (3 𝑚) 𝑥 − (1.2 𝑚2 ) 𝑥 2 from x = 1 m to x = 3 m. What is the change
in the particle’s potential energy during this trip?

● Notice that the above equation just tells us how to find the potential energy from the force.
- What about the other way around? Finding the force from the potential energy?

● The FORCE (IN 1-DIMENSION) due to a potential energy is

𝐹𝑥 = _____________

𝐽

EXAMPLE 2: A particle is under the influence of a potential energy 𝑈(𝑥) = − (3.2 𝑚2 ) 𝑥 2 . What would be the force on
the object at x = 4 m?
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PHYSICS - CLUTCH NON-CALC
CH 09: CONSERVATION OF ENERGY
CONCEPT: PARTIAL DERIVATIVES
● In order to find the force on an object in 2- or 3- dimensions, you need to be able to take partial derivatives
- These are identical to regular derivatives, except you do them for functions with multiple variables, not just one
- For instance, you can find 𝑑𝑓/𝑑𝑥 for a function 𝑓(𝑥), but you’d need to find 𝜕𝑓/𝜕𝑥 for a function 𝑓(𝑥, 𝑦)
● Finding a partial derivative is fairly easy: just treat all other variables as constants
- For instance, if you want to find the partial derivative of xy2 with respect to x, then y is a constant
- The derivative of x is just 1, so the result is just y2, our “constant”
- This is no different than taking the derivative of 3x, since 3 is a constant
EXAMPLE 1: What is the partial derivative of x2y + y – x3 with respect to x?

● Second derivatives are the same, except you can mix derivatives
- For instance, you can take a derivative with respect to x, and then a second derivative with respect to x
- Or, you can take a derivative with respect to x, and then a second derivative with respect to y
- You can also do this the opposite way: the first with respect to y and the second with respect to x
- These would be given like 𝜕 2 𝑓/𝜕𝑥𝜕𝑦 or 𝜕 2 𝑓/𝜕𝑦𝜕𝑥, with the partial to the right being the first derivative
1

EXAMPLE 2: For the function 𝑓(𝑥, 𝑦, 𝑧) = 𝑥 2 𝑧 − 2 𝑧𝑥𝑦 + 𝑧𝑦 2
(a) What is 𝜕 2 𝑓/𝜕𝑧 2

(b) What is 𝜕 2 𝑓/𝜕𝑥𝜕𝑦

(c) What is 𝜕 2 𝑓/𝜕𝑦𝜕𝑥
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PHYSICS - CLUTCH NON-CALC
CH 09: CONSERVATION OF ENERGY
CONCEPT: GENERAL RELATIONSHIP BETWEEN FORCE AND POTENTIAL ENERGY
● Remember! The force in 1-dimension due to a potential energy was just the derivative with respect to x
- Well, that was the force along the x-direction, or the x-component of the force
- In general, each component of the force is going to be the partial derivative of the potential energy

● The VECTOR FORCE due to a potential energy is

𝐹⃗ = _______________________________

𝐽

𝐽

EXAMPLE 1: What is the force on a particle at x = 5 m due to a potential energy 𝑈(𝑥, 𝑦, 𝑧) = (3 𝑚2 ) 𝑥𝑦 − (1.2 𝑚3 ) 𝑥𝑧 2

𝑊

EXAMPLE 2: A particle under some potential energy 𝑈(𝑥, 𝑡) = (−1.7 𝑚2 ) 𝑥 2 𝑡 + (2.5 𝑊/𝑚3 )𝑥 3 𝑡 feels a force along
the x-axis. How rapidly is this force changing with respect to time?
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